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Crystallographic Teaching 
Materials: 2D and 3D 
Escher-like Tessellation
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H�H�H�H
H�H�D Escher- like Tessellation
Escher pattern is based on two dimensional crystallographic plane group.    
It is difficult to create Escher     pattern without crystallographic knowledge. 
However, we overcome the problem by using  Fedorov’s seven  
1D translation symmetry (Fedorov’s Sym). 
Fedrov’s Sym is represented by the arrow notation. Further-more, 
the arrow notation is replaced by contour line (Fedorov’s Cont). 
Contour line of characteristic object’s  contour is generated by Fedorov’s Cont. 
Drawing process of 2D Escher pattern is presented.
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H�H�H�H�H�H�H�H�H�H�H�H�H�H�H�H�D Escher like Tessellation
Two types of three dimensional Escher models (3D Escher),       
“Elephant and Dog” and “Tree” are provided. 
We developed Escher puzzle for visually handicapped person to be able to enjoy 
Escher model as a puzzle of  the space packing problem. 
Escher model is characterized by the properties of packing in which any objects 
in the model are arranged periodically and connect to the adjacent object without void, 
that is, there is no  space between two objects.
Another interest of Escher model is symmetry problem. Several symmetry such 
as translational-symmetry, mirror-symmetry and, rotational-symmetry are found 
in the 3D Escher. 
The models are designed by CAD software and built by the powder layer manufacturing 
Technique. 
In order that the visually handicapped person can enjoy Escher puzzle some 
improvement of 3D Escher is necessary. 
Three improvements are considered. 
First improvement is to make the periodic unit stand out. 
Second is to give symmetry notation to 3D Escher.
Third is to give a decoration of the object in order to give the characteristics 
to the object for the identification.

Crystalline Group

Translation Group !l*L!l*L!l*L!l*LPoint Group

First, the symmetry operation is applied to the object, it is said 
that symmetry is in the object if the object keeps the initial state. 

Crystal Lattice Rotational 
Symmetry,

Mirror 
Symmetry

Glide mirror

Definition of Crystallographic Symmetry

Fedorov 7 One-dimension Translation Group

Contour line is used to  draw Escher Contour of the character.

No symmetry or 1-fold rotation

Horizontal mirror

2-fold rotation

Glide mirror

Vertical mirror

Horizontal and Vertical mirror

Glide mirror ?bVertical mirror
2-fold rotation ?b Vertical mirror

Contour line    Symbol    Arrow Notation              Symmetry        
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Crystal Point GroupH�H�H�H�Rotatio, Mirror, Rotation+Mirror)

Japanese Crest of the Family correspond to 10 point group

H�H�H�H�D Plane Group and Escher Pattern

Two cats image obtained      
from  contour of p2

Unit lattice Contour line of unit cell

2D Escher Tessellation

Ikuo Narikawa

p2Arrow Notation

Contour of p2
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(1) Elephant and Dog

Generation of basic lattice

D� Consider an inscribed cube in the icosahedron
D Arrange the inscribed cubes to generate cubic lattice 

inside 
and overlapped icosahedron lattice outside

D! Shading assembly of overlapped icosahedron lattice.

3D Escher Tessellation

Creation of character

D"Take out two icosahedrons and cut them to look like an elephant

D#Assembly of elephant.

D&Iterative CAD operations, D"D#D$D%D"D#D$D%D"D#D$D%G‰G‰G‰G‰D"D#D$D%, are 
continued until another animal appears keeping elephant’s form.

D$Complimentary Set of Elephant

D%Adjustment of  Complimentary Space
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Generation of Dog

.

D' Frilled lizard found in the complimentary space

Space Packing of Elephant and Dog

D(Plane view with unit cell    D) Front View of Packing
( 0 0 1 ) projection         ( 1 0 0 ) projection

D+Bird’s viewD*Side view ,( 0 1 0 ) projection

Products of Layer Manufacturing
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(2) A Verdurous Escher’s Forest
Periodicity and Connectivity

D�Hemisphere. D D! Modeling of hemisphere.
D"Horizontal Arrangement of hemisphere on the teragonal unit cell

�q�q�q�q �r�r�r�r
�s�s�s�s

�t�t�t�t

�u�u�u�u �v�v�v�v �w�w�w�w �x�x�x�x

D#Arrangement of hemisphere along the c axis. D$Cutting hemisphere for 
generating leaf  of tree. D%Leaf of D$covered by root of upper tree. D&Generating trunk
of tree in the unit cell. D%D&Connectivity of horizontal direction of leaf.

Body-centered Sphere Pacing Model

Space Packing

Side View Plane View
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Vertical Space Packing of Escher’s 
Forest

Side view of independent unit
of a tree

Top view Bottom view

Horizontal Space Packing

Horizontal connectivity of Escher’s tree. Connecting
points between two trees are shown by colored marks.

Product of Object
Verdurous Escher’s Forest
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